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Abstract. Making use of the Zubarev correlation functions, we calculate and discuss the
quantized conductance for a Tomonaga—Luttinger (TL) liquid coupled to phonons in a dirty
quantum wire. In this system, the electron—phonon (e—p) coupling increases the conductance,
while the impurities in the quantum wire reduce the conductance. The quantum wire length
satisfies a certain condition, which determines whether e—p scattering will dominate over impurity
scattering. However, the conductance is destroyed under certain conditions: namely, there is a
size effect.

1. Introduction

In recent years, great progress has been made in the study of quantum transport in all
kinds of mesoscopic systems. One of the most remarkable phenomena is the quantized
conductance in a point contact. The most important research in conductance theory is to
calculate the quantized conductance and the conductance fluctuations.

The quantized conductande is observed in a channel quantum point contact which
is equivalent to a very short quantum wire of less tha?a @m [1]. Twenty years ago,
Landauer [2] proposed that the dc conductance of noninteracting (spinless) electrons in a
disordered medium in strictly one dimension is giveniby: (¢?/27h)|t|?/|r|?, wherer and
r are the transmission and reflection amplitudes. In one-dimensional electronic systems, the
mutual interaction between electrons plays a most important role which leads to Luttinger-
liquid behaviour [3]. But in the theory of Landauer, the mutual interaction has been largely
ignored. At low temperatures, it was argued that the Coulomb interaction causes deviations
of the conductanc& from 222/ h in a channel quantum wire. Some authors [4] calculated
the conductance under the influence of interacting electrons. But experiments [5, 6] showed
that the usual reductioh due to electron—electron interactions is not observed in realistic
wires which are always coupled to leads where the interaction is screened. In a recent
article [7], some authors showed that the conductivity had to be understood as the current
response to the macroscopic electronic field and not to the external field, which was pointed
out by lzuyama more than 30 years ago shortly after Kubo had presented his theory of
linear response. So the Coulomb interaction has no effect on the conductivity and hence
the conductance itself. In this paper, the results of our calculations support this.

Some effort has been devoted to investigating the possibility that e—p interactions may
be a candidate fonT. It was demonstrated [7] that the e—p coupling causes the conductance
" to increase. However, in a realistic quantum wire, it is also necessary to consider the
influence of impurities on the conductance properties. Impurities can alter the optical and
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electrical properties. In a TL liquid [8, 9], the quantized conductance may be destroyed.
To our knowledge, there have to date been no calculations of the conductance with the e—p
mechanism in a dirty quantum wire. Even in investigations which considered the influence
of impurities only, mostly numerical computations are used and it is difficult to obtain an
analytical result. In this paper, we try to give an analytical result for the conductance in a
dirty quantum wire with the e—p mechanism.

2. Theoretical model

In this paper we consider a narrow quantum wire with len@ithand width W, and

with impurities randomly distributed along the wire. We know that Anderson localization
becomes important for samples with short mean free paths and at low temperatures. Here
we investigate wires which are relatively cleaner with mean free paths long enough so that
the localization effect is of minor importance. We also assume that the carrier density
and W are such that there exists only a single subband along the wire. In our model, the
Hamiltonian is

H=Hy+H._.+ Hp + Hefp + Himp
Ho= £,C}Ca
o

Heo =3 v(W)pip-s
Fy
H, = Za)QaZaQ Q)

Q
He—p = Z MO%CJCQ(GQ + ai_Q)
afQ

Hipp =Y u() Y Ci . C
A T

whereg, is the kinetic energy of electrons with effective mass and wy is the phonon
frequency. agp (aZ;) is the creation (annihilation) operator of phonows, (C;) is the
creation (annihilation) operator of electrons ama% is the e—p coupling matrix element.
v(A) andu()) are the one-dimensional Fourier transforms of the Coulomb interaction and
the random impurity potential, respectively. The density operator of electroissdefined
asp, = Zr C:_CI_)“

The conductance can be obtained from the density—density correlation function

X(q @) =i /0 dre ([, (1), o, O)l)o )

where p; = (1/+/Ls) Y4, Ci, Ci—qo With k referring to the plane wave vector in the
x direction. The relation of the conductivity(q, w) to x (g, ®) is given through charge
and current conservation,

0(q, ®) = —ie*(w/q®) x(q, ®) ®)

with

1
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The conductance (w) is defined as the spatial average of the conductivity in real space
over an interval of lengtii,

INw) = (0(61 )L
L/2 L/2 00 dq ) ,

(A)L / / dxdx/f —L 1= g (g) (5)
L/2J-L)2 oo 2

with the notation(A), for a function A(q). The Zubarev correlation function in (4) is
defined as [10]

(Al B)o = —If dre“' ([A(1), BO)])o (6)

where the expectation valug, refers to the equilibrium density operator €éxpH)/Z, 8
is the inverse temperature add= Trexp(—pBH). The correlation function can be obtained
from the equations of motion of the Green functionsuvirspace.

oA | B)o = ([A, Bl)o+ ([A, H] | B)w
w{A | B)o = ([A, Bl)o— (A | [B, H])w (1)
In the process of calculation, we make an approximation to cut off high-order Green

functions. We also consider weak coupling and scattering and take the scattering of phonons
and impurities to second order. The resulting analytic expressions are as follows:

n . _ Ja— 18 Ja=Tp s = 1y 0 1.0 1 1 )
(CyCp 1 C Cs)w= P Sasdpy + ©ap wsy Z MgaMs, w—wy o+ wg
1
+——" f =ty [u(B = ¥)us — u(s — a)dp,]
Wy Wsy
P — o (- )
W Wsy Woy  Wsp
1 -1 [u(ﬂ Y — k) u(@—o—2) }
A — 8
+a)aﬂ a)gy Z @) WaB—1 Wa+)8 Py
f 0 0 (f&—x_fy fs—fy+)»>
_ A M M. -
Wap a)gy ZZ @) Syt W51y Wsy ).

1 1 1
(o e wran) o o ST
14

w—wy W+ wg Wyp

X<fa_fﬂk_fa+k_fﬁ)< 1 _ 1 ) (8)
Wf—2 Wot1p w— wo w+ wo

In the expression for (8), we us®) = w_gp, v(g) = v(—¢q) and the fact that the momentum
matrix eIemenW,f,’d depends ot andk’ only through the differencé-k’ for plane waves.
Here, we introduce the abbreviations = o + &, — &5 and f, = {exp[B(e, — 1) + 11} 74,
where 1 denotes the chemical potential of the Fermi distributipn In the process of
calculation of the electronic Zubarev correlation functigiy Cp | C;C5>)w, only the Fermi
distribution f occurs. This is consistent with [7]. Making use of (2), (4) and (8), one obtains
the concrete expression for the density—density correlation function

x(q, w) = xo(q, ) — [xo0(q, CU)]ZL;FVq () + x1(q, w) + x2(q, ®) — xo(q, w)kg(@)  (9)
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where

x0(q, ) = —fs Z . Zk;k qq (10)

V(@) = Z| fram 72~ (11)
@0
In (9), x1(¢, w) and x2(g, w) are the contributions of the impurities, ang(w) is a
common interaction term for impurities and phonons. The concrete forms of these terms are
determined by (2), (4) and (8). In (11), the expressipfw) contains the phonon propagator
~1/(w? — %) but no distribution functions and thus is temperature independent [7].

3. Discussion

In this section, we calculate and discuss in some detail the conductarite=a and in
the long-wave limit § — 0) and for the static stateo(— 0). There are four parts below
which consider various possible situations.

(a) When e—p interactions are not considered (matrix eled#eatuals zero) and in the
absence of impurities (Fourier translatint.) equals zero), the density—density correlation
function is

2vpg? 1
xo(q, w) = — rd 2 5 qg—0 kpT < . (12)
T Wt —VEq
One obtains the conductance
2¢2 iwL
Fo(w) = — (14 — + 0(w? (13)
h 3vp
which is the well known result for the conductance of a ballistic one-dimensional channel
[2,7].
(b) When there are no impurities, using the notation
2L, 2
Vo= —Yemol@=0) = Mka'zaTQ (14)

one obtains for the conductance
T'(w) = To(@)(1+ 3y0). (15)

Here, for weak e—p coupling/{ « 1), our calculation is approximately consistent with the
result [7]T(w — 0) = (2¢2/h)(1—y)~Y?. Moreover, for a realistic wireyy is larger than
zero. Thus af" = 0, the e—p coupling leads to an effectively attractive interaction between
the electrons which increases the conductance.
(c) When the e—p scattering is weak enough to be neglected, and considering electron—

impurity scattering, we obtain

'@ — 0) =To(1 - 3y1) (169)
where

8mu?(2k Lsv2u?(0
Fo = 282/]’1 Y1 = T ( F) + UF ( ) (16b)
127 vF

Here, vy is Fermi velocity. We know from (16) that the scattering terms of moment
2kr have important contributions to the conductance and the scattering of impurities to
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electrons makes the conductance decrease. The discussion above is consistent with [8].
But, making use of the Zubarev method, we only discuss the situatichs=ab and in the
thermodynamic limit, while [8] was based on the Mori formula and discussed at definite
temperature. Whem; <« 2, that is, the length of quantum wire satisfies « Ly, where
Lo = 4mv;H(6vh — 2u?(2kr))u—2(0), the quantized conductance can be maintained. This
can be realized when the lengihy is short enough andy satisfiesvy ~ (1/3u?(2kr))Y4.
In contrast, wheny;, — 2, that isL; — Lo, the quantized conductance is destroyed by
being suppressed.

(d) When we have both impurities and e—p scattering in a quantum wire, the conductance

is
I'(w— 0) =To[l+ (0 — %] (17)
where
Yo=vi+ 2
4UFLS IQ 0
Y2 = — M,
7T2 XQ:(I)Q 00
A A+ kp)(h — 2kp)?
Io = u() In A+ kr)( F) (MO_AQ_M(%)' (18)

A(£0, kg, +2kp) )\'()" + ZkF) ()" - kF)()" + 2kF)2

We see from (17) that whep > y;, that is,L; > L1, where
. 8 2h2u?(2k )
1 =
48rv} Y, IMGIZ L — 48R Y, 12 MG — murh?u?(0)

@0

(19)

the common interactions between phonons and impurities will make the conductance
increase. e—p scattering is dominant, which results in an effectively attractive interaction
between electrons. On the other hand, gk y;, that is,L; < L1, the common interaction

will make the conductance decrease. Thus, the dominance of electron—impurity scattering
leads to impulsive interactions between electrons. Under the condijieny) < 2, we

obtain Ly « L», where

I 81 2h2[u?(2kF) + 3vt]
2= .
48rv} Yo IMGIZ = — 48R Y 12 M — muph?u?(0)

(20)

Then the quantized conductance can be maintained with only slight deviations. On the
other hand, fonp — yg — 2, that isL; — L,, the common interaction of the phonons and
impurities will make the quantized conductance disappear.

4. Conclusion

In summary, we have discussed the TL liquid in a quantum wire. Considering the
influence of both phonons and impurities, we obtained the expression for the density—
density correlation function making use of the equations of motion for the Green functions.
From this, we obtained an expression for the conductance and discussed it under four
situations. We found that the e—p coupling increases the conductance, while impurity
scattering decreases the conductance. When there exist impurities in the quantum wire and
we consider also the e—p coupling, there will be a critical vdlyg¢hat has the dimensions

of length. WhenL, > L1, e—p scattering will be dominant, while fdr, < L,, electron—
impurity scattering will have the chief effect, which makes the conductance decrease.
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Furthermore, we also gave the condition under which the conductance can be maintained
or destroyed.
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